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OPERATORS ON TWO BANACH SPACES OF CONTINUOUS 
FUNCTIONS ON LOCALLY COMPACT SPACES OF ORDINALS 

TOMASZ KANIA AND NIELS JAKOB LAUSTSEN 



f^ ' Abstract. Denote by [0,aJi) the set of countable ordinals, equipped with the order 

P\J , topology, let Lq be the disjoint union of the compact ordinal intervals [0,0;] for a count- 

5^ ' able, and consider the Banach spaces Co[0,a;i) and Co{Lq) consisting of all scalar-valued, 

Mh! continuous functions which are defined on the locally compact Hausdorff spaces [0,^1) 

■^^ ' and Lq, respectively, and which vanish eventually. Our main result states that a bounded 

operator T between any pair of these two Banach spaces fixes a copy of Co{Lo) if and 
only if the identity operator on Co{Lo) factors through T, if and only if the Szlenk index 
of T is uncountable. This implies that the set ^Co(io)('-^o(io)) of Co(io)-strictly singular 
operators on Co{Lo) is the unique maximal ideal of the Banach algebra ^{Cq{Lq)) of all 
bounded operators on Co(io)j and that ^Cg(i„)(Co[0, wi)) is the second- largest proper 
ideal of ^(Co[0,aji)). Moreover, it follows that the Banach space Co(Lo) is primary and 

rl^ \ complementably homogeneous. 



1. Introduction and statement of main results 

The purpose of this paper is to advance our understanding of the (bounded, hnear) opera- 
Q^ ■ tors acting on the Banach space Cq[Q^IjJi) of scalar- valued, continuous functions which 

■^ . vanish eventually and which are defined on the locally compact Hausdorff space [0,u;i) 

Tj- ! of all countable ordinals, equipped with the order topology. Another Banach space of a 

^ \ similar kind, Cq{Lq)^ will play a key role; here Lq denotes the locally compact Hausdorff 

space given by the disjoint union of the compact ordinal intervals [0, a] for a countable or, 

equivalently, 

><: ^0= U [0,a]x{a + l}, 

endowed with the topology inherited from the product topology on [O,^!)^. As a spin-off 
of our main line of inquiry, we obtain some conclusions of possible independent interest 
concerning the Banach space Cq{Lq) and the operators acting on it. 

The motivation behind this work comes primarily from our previous studies |I^ [TT] 
(the latter written jointly with P. Koszmider) of the Banach algebra ^(Co[0,a;i)) of all 
operators on Co[0,a;i). Indeed, the main theorem of [12] implies that i^(Co[0,C(;i)) has a 
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unique maximal ideal ^ (the Loy-Willis ideal), while [TTj Theorem 1.4] characterizes this 
ideal as the set of operators which factor through the Banach space Cq{Lq): 

^ = {TS:Se =^(Co[0,a;i),Co(Lo)), T e =^(Co(Lo), Co[0,u;i))}. (1.1) 

To state the main result of the present paper precisely, we require three pieces of termi- 
nology concerning an operator T between the Banach spaces X and Y : 

• Let VT be a Banach space. Then T fixes a copy of W if there exists an operator 
U: W ^ X such that the composite operator TU is an isomorphism onto its range. 

• An operator V between the Banach spaces W and Z factors through T if there exist 
operators R: W ^ X and S : Y ^ Z such that V = STR. 

• Suppose that X is an Asplund space. Then each weakly* compact subset K of the 
dual space X* of X has associated with it a certain ordinal, which is called the 
Szlenk index of K; we refer to [15j or [10^ Section 2.4] for the precise definition of 
this notion. The Szlenk index of the operator T is then defined as the Szlenk index 
of the image under the adjoint operator of T of the closed unit ball of Y*. 

Theorem 1.1. Let X andY each denote either of the Banach spaces Co[0,a;i) and Cq{Lq) . 
Then the following three conditions are equivalent for each operator T from X to Y : 

(a) T fixes a copy of Cq{Lq); 

(b) the identity operator on Co{Lq) factors through T; 

(c) the Szlenk index ofT is uncountable. 

In the case where X = Y & {Co[0,ui),Co{Lo)}, Theorem 11.11 leads to significant new 
information about the ideal lattice of the Banach algebra i^(X) of all operators on X. 
(Throughout this paper, the term ideal always means a two-sided, algebraic ideal.) To 
facilitate the statement of these conclusions, let us introduce the notation S^w{X) for the 
set of those operators on X that do not fix a copy of the Banach space W; such operators 
are called W -strictly singular. The set S^wi^) is closed in the norm topology, and it is 
closed under composition by arbitrary operators, so that S^v/{X) is a closed ideal of e^(X) 
if and only if ^iy(X) is closed under addition. 

Corollary 1.2. Let X = Co[0, wi) or X = Cq{Lq). Then 
S^Co{Lq){X) = {T E SS{X) : the identity operator on Cq{Lo) does not factor through T} 
= {T E ^{X) : the Szlenk index ofT is countable}, (1-2) 

and this set is a proper closed ideal of ^{X). 

In the case where X = Cq{Lq), this ideal is the unique maximal ideal of ^{Cq{Lq)), 
whereas for X = Co[0,ijJi), this ideal is the second-largest proper ideal of ^{Co[0,Ui)), in 
the following precise sense: 

• '^Co{-Lo)(^o[0, Wi)) is properly contained in the Loy-Willis ideal ^; and 

• for each proper ideal J^ o/=^(Co[0, Wi)), either ,y = ^ or J^ <Z =5^c'(,(Lq)(Co[0,(jJi)). 

Finally, as an easy Banach-space theoretic consequence of these results, we shall show 
that Co(-Lo) has the following two properties, defined for any Banach space X: 
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• X is primary if, for each projection P G ^{X), either the kernel of P or the range 
of P (or both) is isomorphic to X; 

• X is complementably homogeneous if, for each closed subspace W oi X such that W 
is isomorphic to X, there exists a closed, complemented subspace y of X such 
that Y is isomorphic to X, and Y is contained in W. 

Corollary 1.3. The Banach space Cq{Lq) is primary and complementably homogeneous. 

The counterpart of this corollary is true for Co[0, Ui); this is due to Alspach and Benyami- 
ni [31 Theorem 1] and the present authors and Koszmider [111 Corollary 1.10], respectively. 

2. Preliminaries 

In this section we shall explain our conventions and terminology in further detail, state 
some important theorems that will be required in the proof of Theorem II. H and establish 
some auxiliary results. 

All Banach spaces are supposed to be over the same scalar field, which is either the real 
field M or the complex field C. By an operator, we understand a bounded and linear map- 
ping between Banach spaces. We write Ix for the identity operator on the Banach space X. 

The following elementary characterization of the operators that the identity operator 
factors through is well known. 

Lemma 2.1. Let X, Y, and Z be Banach spaces. Then the identity operator on Z factors 
through an operator T: X ^ Y if and only if X contains a closed subspace W such that: 

• W is isomorphic to Z; 

• the restriction ofT to W is bounded below, in the sense that there exists a constant 
e > such that \\Tw\\ ^ £\\w\\ for each w G W; 

• the image ofW under T is complemented in Y. 

For an ordinal a and a pair {X, Y) of Banach spaces, let ^^^i^, Y) denote the set of 
operators T: X ^ Y such that the Szlenk index of T is defined and does not exceed u°'. 
Brooker |6i Theorem 2.2] has proved the following result. 

Theorem 2.2 (Brooker). The class 5^2" ^ 'is a closed, injective, and surjective operator 
ideal in the sense of Pietsch for each ordinal a. 

For a Hausdorff space K, we denote by C{K) the vector space of all scalar-valued, conti- 
nuous functions defined on K. In the case where K is locally compact, the subspace Cq{K) 
consisting of those functions / G C{K) for which the set {k & K : \f{k)\ ^ e} is compact 
for each £ > is a Banach space with respect to the supremum norm, and we have 
C{K) = Cq{K) if and only if K is compact. 

The case where K is an ordinal interval (always equipped with the order topology) will 
be particularly important for us. Bessaga and Pelczyhski [4J have shown that the Banach 
spaces C[0,(X''^"], where a is a countable ordinal, exhaust all possible isomorphism classes 
of Banach spaces of the form C{K) for a countably infinite, compact metric space K. The 
Banach spaces C[0, u'^"] may be viewed as higher-ordinal analogues of the Banach space cq, 
which corresponds to the case where a = 0. 
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The Szlenk index can be used to distinguish these Banach spaces because Samuel [1] 
has shown that C[0,a;'^°] has Szlenk index cu""'"^ for each countable ordinal a; a simplified 
proof of this result, due to Hajek and Lancien [9j, is given in [TOl Theorem 2.59]. 

More importantly for our purposes, Bourgain [5j has proved that each operator T, defined 
on a C(-ft')-space and of sufficiently large Szlenk index, fixes a copy of C[0,q;] for some 
countable ordinal a, which increases with the Szlenk index of T. The precise statement of 
this result is as follows. 

Theorem 2.3 (Bourgain). Let X be a Banach space, let K be a compact H aus dor ff space, 
and let a be a countable ordinal. Then each operator T: C{K) — )■ X whose Szlenk index 
exceeds uj'^ fixes a copy o/C[0,u;'^"]. 

Remark 2.4. (i) Bourgain first proves Theorem 12.31 in the case where K is a compact 
metric space [5l Proposition 3], and then explains how to deduce the result for gen- 
eral K [F, p. 107]. 
(ii) Alspach [2] has shown that the most obvious strengthening of Bourgain's theorem is 
false by constructing a surjective operator T on C[0,u;'^ ] such that T does not fix a 
copy of C[0,Ci;'^ ]. (The surjectivity of T implies that T has the same Szlenk index as 
its codomain, that is, u;^.) 

We shall use Bourgain's theorem in tandem with the following theorem of Pelczyhski [T3| 
Theorem 1], which will enable us to infer that the identity operator on C{K), where K 
is a compact metric space, factors through each operator which fixes a copy of C{K) and 
which has separable codomain. 

Theorem 2.5 (Pelczyhski). Let W be a closed subspace of a separable Banach space X, 
and suppose that W is isomorphic to C{K) for some compact metric space K. Then W 
contains a closed subspace which is isomorphic to C{K) and which is complemented in X . 

To conclude this section, we shall state some results about the Banach spaces Co[0,a;i) 
and Cq{Lq) that will be required in the proof of Theorem ll.il The first of these collects 
some known facts. 

Proposition 2.6. (i) The Banach space Cq[0,uji) contains a closed, complemented sub- 
space which is isomorphic to Co{Lq). 
(ii) The Banach space Co{Lo) is isomorphic to the Co-direct sum of countably many copies 

of Itself- Co{Lo) = co{N,Co{Lo)). 
(iii) The following three conditions are equivalent for each operator T on Cq[0,uji): 

(a) T belongs to the Loy-Willis ideal ^\ 

(b) the range of T is contained in a closed, complemented subspace which is iso- 
morphic to Cq{Lq); 

(c) the identity operator on Co[0,Ci;i) does not factor through T. 

Proof. Clauses ([I]) and (Jn]) are [11, Corollaries 2.14 and 2.7], respectively. 

( !iii|) . The equivalence of (jaj) and ^ is [T2l Theorem 1.2] (or [11, Theorem 1.4, (a)-v^(h)]), 
while the equivalence of (jaj) and (jb]) follows from [TTl Theorem 1.4, Corollary 2.13, and 
Lemma 4.4]. D 
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For each countable ordinal a, let Pq, be the contractive projection on Co[0,a;i) given by 
Paf = f ■ l[o,o] foi' each / G Co[0,a;i), where l[o,a] denotes the characteristic function of 
the ordinal interval [0,a]. 

Lemma 2.7. (i) A subspace of Co[0,ui) is separable if and only if it is contained in the 
range of the projection Pq for some countable ordinal a. 
(ii) Let T be an operator from Co[0,a;i) into a Banach space X. Then T has separable 
range if and only ifT = TP^ for some countable ordinal a. 

Proof. Clause ([!]) is a special case of [121 Lemma 4.2]. 

dn]). The implication <^ is clear because Pa has separable range. 

We shall prove the converse by contradiction. Assume that T has separable range and 
that T 7^ TPa for each a < ui. Since each element of Co[0,a;i) has countable support, we 
may inductively construct a transfinite sequence of disjointly supported functions {fa)a<uji 
in Co[0,Ci;i) such that Tfa 7^ and ||/q,|| = 1 for each a < Ui. Set 

A{n) = |« G [0,u^) : ||r/J| ^ ^} (n G N). 

Since [OjWi) = UneN^(^); ^^ '^^^ ^^^ no G N such that A^uq) is uncountable. Take a 
sequence {Xm)mm which is dense in the range of T, and set 

B{m) = |a G A{no) : \\x^m - TfJ ^ ^} (m G N). 

Then, as A(rao) = [Jj^^^B{m), we deduce that Bimo) is uncountable for some ttiq G N. 
Note that ||a;mo|| ^ 2/(3no). Now choose an integer k such that k > 3no||T||, and take k 
distinct ordinals ai,...,ak G B(mQ). Since the function 'Yl,j=ifaj G C*o[0,Wi) has norm 
one, we conclude that 



k 

\T\\ ^ 



k 



ETf > tll-r II — \^ II T ~Tf II > > II Til 
-'^ J aj f> "'ll'^moll / ^ W-^rno -i- Jaj\\ if- „ ^ IK Ih 

which is clearly absurd. D 

It turns out to be convenient to use a different representation of the Banach space Co{Lo), 
stated in Lemma I2.8II 1I) below, in our proof of Theorem ILII This relies on the following 
piece of notation. Denote by 

(hRXj j = Uxj)j;^j : Xj G Xj (j G J) and {j E J : \\xj\\ ^ e} is finite {e > 0)\ 

the Co-direct sum of a family {Xj)j^j of Banach spaces, and set E^-^ = (©^.^^ C[0,q;]) 
and, more generally, Ea = {®aeA^l^^'^]) ^'^^ ^^"^^ non-empty subset A of [0,Ci;i). 

Lemma 2.8. (i) The Banach spaces Co(Lo) and E^-^ are isomorphic. 
(ii) Let A be an uncountable subset of [0,1^1). Then Ea is isomorphic to E^^-^. 
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Proof. Clause (|i]) is a special instance of a well-known elementary fact {e.g., see [7, p. 191, 
Exercise 9] or [ITl equation (2.4)]). 

To prove ([ii]), we observe that the Banach spaces E^^ and Ea contain complemented co- 
pies of each other. By (jij) and Proposition I2.6l1 iil) . the Pelczyhski decomposition method (as 
stated in [U Theorem 2.23(b)], for instance) applies, and hence the conclusion follows. D 

For each countable ordinal a, let Qa be the canonical projection of E^^ onto the first a 



-yJ^/KuJi fc -^uJi ; 



summands; that is, the /3 coordinate of Qa{f-()-y<uii, where /S < Ui and (/, 

is given by /^ if /3 ^ a and otherwise. We then have the following counterpart of 

Lemma [2 



Lemma 2.9. A subspace of E^^ is separable if and only if it is contained in the range of 
the projection Q^ for some countable ordinal a. 

Proof. The implication <^ is clear. 

Conversely, suppose that VT is a separable subspace of E^^, and let D be a countable, 
dense subset of W . Since each element of E^^^ has countable support, for each x G -D, we can 
choose a countable ordinal /3(x) such that x = Qji^x)^. Then the ordinal a = snp^^j^ f3{x) 
is countable and satisfies x = QaX for each x & D, and hence W C Qa[Ei^-^]. D 

3. Proofs of Theorem [UJ and Corollaries [OHESl 

We are now ready to prove the results stated in Section [H We begin with a lemma which, 
in the light of Lemma I2.8l1 1|) above, effectively establishes Theorem 11.11 in the case where 
X = Co[0,Wi) and Y = Co(Lo). 

Lemma 3.1. LetT: Co[0,a;i) — ?■ E^-^ be an operator with uncountable Szlenk index. Then: 
(i) for each pair {a,r)) of countable ordinals, there exist operators R: C[0,a] — )■ Co[0,UJi) 
and S : -E"^^ — )■ C[0, a] and a countable ordinal ^ > rj such that the diagram 

R / \ S 



Co[0,coi 



P^'Pr, 




Co[0,u;i) 



T 




E,. 



is commutative; 
(ii) the identity operator on E^-^ factors through T. 



Proof (0). Let U = {Ie^^ - Q^)r(/co[o,.o - P^)- Since T = U + Q,T + TP,- Q^TP^, 
where each of the final three terms QnT, TP,^, and QrjTPfj has countable Szlenk index. 
Theorem 12.21 implies that U has uncountable Szlenk index. Hence U fixes a copy of C[0, a] 
by Theorem 12.3} that is, we can find a closed subspace W of Cq[0,uji) such that W is 
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isomorphic to C[0,a], and the restriction of U to W is bounded below. Lemmas I2.7l1 1|) 
and l2.9l enable us to choose a countable ordinal ^ > 1] such that the separable subspaces W 
and U[W] are contained in the ranges of the projections P^ and Q^, respectively. Then 
the restrictions to W of the operators U and {Q^ — Qn)T{P^ — P^) are equal. By The- 
orem |231 f/[H^] contains a closed subspace Z which is isomorphic to C[0,a] and which 
is complemented in Q^[E^^], and therefore also in E^^. The conclusion now follows from 
Lemma [211] because f/, and thus {Q^ — Q,^)T{P^ — P^), maps the closed subspace WnU^^[Z] 
isomorphically onto Z. 

(^. Using 1^ together with Lemmas I2.7l|iil) and 12. 9[ we may inductively construct 
transfinite sequences of countable ordinals (^(a))o<i^i and {C,{<y))a<uji and of operators 
{Ro,: C[0,a] -^ Co[0,Ui))a<u,i and (S'„: E^^ -^ C[0,a])a<oji such that r]{a) < ^{a) < r]{f3), 

lc[0,a\ = Sa{Q^(Q) — Qn{a))T{P^[a) " Pr){a))Ra-, (3.1) 

(^s^i - Qvm)TP^(a) = 0, and Q^(a)TiIco[o,ui) - Pri(p)) = (3.2) 

whenever ^ a < /3 < Ui. We may clearly also suppose that ||-Ra|| = 1 for each a < Ui. 

Given ra G N, set A{n) = {a E [0,a;i) : \\Sa\\ ^ n}. Since [0,a;i) = IJneN^(^)' ^^ 
conclude that A{no) is uncountable for some no G N. Then -EA{no) is isomorphic to E'^j by 
Lemma l2.8l1 iT|) , so that it will suffice to show that the identity operator on -EA{no) factors 
through T. 

To this end, we observe that 

defines an operator of norm at most no. Moreover, introducing the subspaces 

Fp = {(/a)aeA(no) ^ ^A(no) : /a = (« 7^ /3)} {/3 G A(no)), 

we can define a linear contraction by 

R- ifa)aeA(no)^ J^ iP({a) - Pri{a))Rafa, SpaU |J Ff} -^ Co[0, Ui) . 
aeA{no) /3GA(no) 

Since the domain of definition of R is dense in £'^(^0); P extends uniquely to a linear 
contraction defined on EA{no)- Now, given (3 G A{no) and {fa)a€A{no) ^ F/s, we have 

STR{fa)aeA{no) = {Sa{Q^{a) " Qr,{a))T{P^(i3) - Pr,{P)) R 13 f p) ^(.^^^^^-^ = {fa)aeA{no) 

by (13. ip and the fact that {Q^(a) — Qri{a))T{P^(i3) — P-q(p)) = for a 7^ /3 by (13. 2p . This 
implies that STR = Iea,„ 1 and the result follows. D 

Proof of Tfeeorem ll.il The implications (jb])^([aj)^([cj) are clear, so it remains to prove 
that Q^(jb]). Hence, we suppose that the Szlenk index of T is uncountable, and seek to 
establish that the identity operator on Cq{Lq) factors through T. 

Lemma [3.1l1 II|) shows that this is true in the case where X = Co[0,Ci;i) and Y = Cq{Lq) 
by Lemma I2.8l (p| . 

Now suppose that X = Y = Co[0, Ui). If T ^ ^, then the identity operator on Co[0, Ui) 
factors through T by Proposition I2.6l1iii|) . and hence the identity operator on Co{Lo) also 
factors through T by Proposition I2.6l1i| ) . Otherwise T G ^, in which case condition (jbj) of 
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Proposition I2.6l1m|) implies that T = VUT for some operators U: Co[0,a;i) — ?■ Cq{Lq) and 
V: Cq{Lq) — )■ Co[0,a;i). Then UT has the same Szlenk index as T, so that, by the first 
case, the identity operator on Co(Lo) factors through UT, and hence through T. 

Finally, suppose that X = Co(Lo), and either Y = Co[0, ui) or Y = Cq^Lq). By Proposi- 
tion [2]6]Ji]), we can take operators U : Cq^Lq) — )■ Co[0,IjJi) and V : Co[0,IjJi) — )■ Co{Lo) such 
that Ico(Lq) = VU. Then TV has the same Szlenk index as T, and the conclusion follows 
from the previous two cases, as above. D 

Proof of Corollary \1.2[ The three sets in (11. 2p are equal by the negation of Theorem ll.il 
The final of these sets is clearly equal to IJa<cj ^^a{X), which is an ideal of J^{X) by 
Theorem 12.21 

For X = Co{Lo), the fact that the second set in (ll.2|) is an ideal of ^{Co{Lq)) implies 
that it is necessarily the unique maximal ideal by an observation of Dosev and Johnson |8]. 

For X = Co[0,Ui), we have ^Co(Lo)(Co[0, Wi)) ^ ^ because ^Co(Lo)(Co[0, Wi)) is an 
ideal of ^{Cq[0,u}i)), ^ is the unique maximal ideal, and any projection on Co[0,u;i) 
whose range is isomorphic to Cq{Lq) is an example of an operator which belongs to 
-^ \ '^Co(i'o)(^o[0, cji)). To verify the final statement, suppose that J^ is a proper ideal 
of <^(Co[0,Ci;i)) such that J^ is not contained in ^c'Q(io)(Co[0,a;i)). Then, by (11. 2p . J' con- 
tains an operator T such that Ico{Lo) = STR for some operators R: Cq{Lo) — > Cq[0, Ui) and 
S : Co[0,a;i) — )■ Co(Lo). Given U G ^, we can find operators V : Cq[0,Ui) — > Co{Lq) and 
W: Co{Lo) -^ Co[0,a;i) such that U = WV by ^^, and hence U = {WS)T{RV) G ^. 
This proves that ^ C j^, and consequently ^ = J" . D 

Proof of Corollary \1.3[ First, to show that Cq{Lo) is primary, let P G ^{Co{Lq)) be a pro- 
jection. Since the ideal ^CoiLo){Co{Lo)) is proper, it cannot contain both P and Ico(Lq) ^ P'l 
we may without loss of generality suppose that P ^ S^Co{Lo){Cq{Lq)) . Then, by (11.21) . 
Ico{Lo) factors through P, so that P[Cq{Lq)\ contains a complemented subspace which is 
isomorphic to Cq{Lq) by Lemma [2. II Since P[Co(ivo)] is complemented in Cq{Lq), and the 
Pelczyhski decomposition method (as stated in [H Theorem 2.23(b)], for instance) applies 
by Proposition |2^6j|ii]) , we conclude that P[Cq{Lq)\ and Cq{Lq) are isomorphic, as desired. 
Second, to verify that Cq{Lq) is complement ably homogeneous, suppose that 1^ is a 
closed subspace of Cq{Lq) such that W is isomorphic to Co{Lq). Take an isomorphism U 
of Co(-Lo) onto W , and let J be the natural inclusion of W into Cq{Lq). Since the operator 
JU G SS{Cq{Lq)) fixes a copy of Cq{Lq), we can find operators R and S on Cq{Lq) such 
that Ico(Lo) = S{JU)R by Theorem ll.il The operator P = JURS G ^{Cq{Lq)) is then a 
projection, its range is clearly contained in W , and the restriction of S to the range of P 
is an isomorphism onto Cq{Lq) (with inverse JUR). D 

References 

1. F. Albiac and N. J. Kalton. Topics in Banach space theory, Graduate Texts in Mathematics 233, 
Springer- Verlag, New York, 2006. 

2. D. E. Alspach, C{K) norming subsets of C[0,1]*, Studia Math. 70 (1981), 27-61. 

3. D. Alspach and Y. Benyamini, Primariness of spaces of continuous functions on ordinals, Israel 
J. Math. 27 (1977), 64-92. 



OPERATORS ON TWO BANACH SPACES OF CONTINUOUS FUNCTIONS 9 

4. C. Bessaga and A. Pelczyiiski, Spaces of continuous functions IV, Studia Math. 19 (1960), 53-62. 

5. J. Bourgain, The Szlenk index and operators on C(i4r)-spaces, Bull. Soc. Math. Belg. Ser. B 31 (1979), 
87-117. 

6. P. A. H. Brooker, Asplund operators and the Szlenk index, J. Operator Theory 68 (2012), 405-442. 

7. J. B. Conway, A Course in Functional Analysis, 2'^'^ edition. Graduate Texts in Mathematics 96, 
Springer- Verlag, 1990. 

8. D. Dosev and W. B. Johnson, Commutators on £ao, Bull. London Math. Soc. 42 (2010), 155-169. 

9. P. Hajek and G. Lancien, Various shcing indices on Banach spaces, Mediterr. J. Math. 4 (2007), 
179-190. 

10. P. Hajek, V. Montesinos, J. Vanderwerff, and V. Zizler. Biorthogonal Systems in Banach Spaces, CMS 
Books in Mathematics, Springer- Verlag, 2008. 

11. T. Kania, P. Koszmider, and N. J. Laustsen, A weak*-topological dichotomy with applications in 
operator theory, submitted; arXiv:13 03.0020, 

12. T. Kania and N. J. Laustsen, Uniqueness of the maximal ideal of the Banach algebra of bounded 
operators on C([0,wi]), J. Funct. Anal. 262 (2012), 4831-4850. 

13. A. Pelczynski, On C(S')-subspaces of separable Banach spaces, Studia Math. 31 (1968), 513-522. 

14. C. Samuel, Indice de Szlenk des C{K) [K espace topologique compact denombrable) , in Seminar on 
the geometry of Banach spaces. Vol. I, II (Paris, 1983), Publ. Math. Univ. Paris VII, 18 (1984), 81-91. 

15. W. Szlenk, The non-existence of a separable reflexive Banach space universal for all separable reflexive 
Banach spaces, Studia Math. 30 (1968), 53-61. 

Department of Mathematics and Statistics, Fylde College, Lancaster University, Lan- 
caster LAI 4YF, United Kingdom 

E-mail address: t.kania@lancaster.ac.uk, n.laustsen@lancaster.ac.uk 



